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On (1, 2)-step competition graphs of bipartite
tournaments
Jihoon CHOI ∗ Soogang EOH † Suh-Ryung KIM ‡ So Jung LEE §
Abstract
In this paper, we study (1, 2)-step competition graphs of bipartite tournaments.
A bipartite tournament means an orientation of a complete bipartite graph. We
show that the (1, 2)-step competition graph of a bipartite tournament has at most
one non-trivial component or consists of exactly two complete components of size at
least three and, especially in the former, the diameter of the nontrivial component is
at most three if it exists. Based on this result, we show that, among the connected
non-complete graphs which are triangle-free or the cycles of which are edge-disjoint,
K1,4 is the only graph that can be represented as the (1, 2)-step competition graph
of a bipartite tournament. We also completely characterize a complete graph and
the disjoint union of two complete graphs, respectively, which can be represented as
the (1, 2)-step competition graph of a bipartite tournament. Finally we present the
maximum number of edges and the minimum number of edges which the (1, 2)-step
competition graph of a bipartite tournament might have.
Keywords: bipartite tournament; orientation of complete bipartite graph; (1, 2)-step
competition graphs; (1, 2)-step competition-realizable.
1 Introduction
In this paper, a graph means a simple graph. For vertices x and y in a digraph D, dD(x, y)
denotes the number of arcs in a shortest directed path from x to y inD if it exists. For pos-
itive integers i and j, the (i, j)-step competition graph of a digraph D, denoted by Ci,j(D),
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is a graph on V (D) where uv ∈ E(Ci,j(D)) if and only if there exists a vertex w 6= u, v
such that either dD−v(u, w) ≤ i and dD−u(v, w) ≤ j or dD−u(v, w) ≤ i and dD−v(u, w) ≤ j.
The (1, 1)-step competition graph of a digraph D is the competition graph of D. Given a
digraph D, the competition graph of D, denoted by C(D), is the graph having vertex set
V (D) and edge set {uv | (u, w) ∈ A(D), (v, w) ∈ A(D) for some w ∈ V (D)}. Cohen [3]
introduced the notion of competition graph while studying predator-prey concepts in eco-
logical food webs. Cohen’s empirical observation that real-world competition graphs are
usually interval graphs had led to a great deal of research on the structure of competition
graphs and on the relation between the structure of digraphs and their corresponding
competition graphs. In the same vein, various variants of competition graph have been
introduced and studied, one of which is the notion of (i, j)-step competition introduced
by Factor and Merz [4] (see [1, 2, 6, 14, 15] for other variants of competition graph). For
recent work on this topic, see [5, 7, 8, 11–13].
Factor and Merz [4] studied the (1, 2)-step competition graphs of tournaments. Zhang
and Li [16] and Zhang et al. [17] studied the (1, 2)-step competition graphs of round
digraphs. On the other hand, Kim et al. [9] studied the competition graphs of orientations
of complete bipartite graphs. In this paper, we study the (1, 2)-step competition graphs
of orientations of complete bipartite graphs, which is a natural extension of their results.
An orientation of a complete bipartite graph is sometimes called a bipartite tournament
and we use whichever of the two terms is more suitable for a given situation throughout
this paper.
In Section 2, we derive useful properties of (1, 2)-step competition graphs of bipartite
tournaments. In Section 3, based on the results obtained in Section 2, we show that,
among the connected non-complete graphs which are triangle-free or the cycles of which
are edge-disjoint, K1,4 is the only graph that can be represented as the (1, 2)-step com-
petition graph of a bipartite tournament. We also completely characterize a complete
graph and the disjoint union of complete graphs, respectively, which can be represented
as the (1, 2)-step competition graph of a bipartite tournament. In Section 4, we present
the maximum number of edges and the minimum number of edges which the (1, 2)-step
competition graph of an orientation of Km,n might have.
2 Properties of (1, 2)-step competition graphs of bipartite tourna-
ments
For a digraph D, we say that vertices u and v in D (1, 2)-compete provided there exists a
vertex w distinct from u, v and satisfying one of the following:
• there exist an arc (u, w) and a directed (v, w)-walk of length 2 not traversing u;
• there exist a directed (u, w)-walk of length 2 not traversing v and an arc (v, w).
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We call w in the above definition a (1, 2)-step common out-neighbor of u and v. It is said
that two vertices compete if they have a common out-neighbor. Thus, uv ∈ E(C1,2(D))
provided u and v compete or (1, 2)-compete.
An edge in the (1, 2)-step competition graph of a digraph D is said to be induced by
competition (resp. (1, 2)-step competition) if there exists a common out-neighbor (resp.
(1, 2)-step common out-neighbor) of the ends of the edge in D.
From the definition of the (1, 2)-step competition graph of a digraph, we make the
following simple but useful observation.
Proposition 1. In the (1, 2)-step competition graph of a digraph D, a non-isolated vertex
has an out-neighbor in D.
We present results which will play a key role throughout this paper.
Proposition 2. Let u and v be adjacent vertices in the (1, 2)-step competition graph of
an orientation D of Km,n. Then u and v belong to the same partite set if and only if they
compete in D.
Proof. If u and v compete, then they are adjacent by definition of (1, 2)-step competition
graph. As D is an orientation of Km,n, u and v belong to the same partite set of Km,n. To
show the converse, suppose that two vertices u and v are adjacent in C1,2(D) and belong
to the same partite set. Since u and v are adjacent in C1,2(D), there exists a vertex w in
D such that w is a common out-neighbor or a (1, 2)-step common out-neighbor of u and
v by definition, that is, w satisfies one of the following:
(i) there are arcs (u, w) and (v, w);
(ii) there exist an arc (u, w) and a directed (v, w)-walk of length 2 not traversing u;
(iii) there exist a directed (u, w)-walk of length 2 not traversing v and an arc (v, w).
Only in Case (i), u and v belong to the same partite set of Km,n. Therefore u and v
compete.
The following corollary is the contrapositive of Proposition 2.
Corollary 3. Let u and v be adjacent vertices in the (1, 2)-step competition graph of an
orientation D of Km,n. Then u and v belong to distinct partite sets if and only if they
(1, 2)-compete in D.
By Corollary 3, two vertices belonging to distinct partite sets of Km,n can only (1, 2)-
compete in any of its orientations. The following theorem characterizes a pair of vertices
which belong to distinct partite sets of Km,n and (1, 2)-compete.
Theorem 4. Let u and v be vertices belonging to distinct partite sets of a bipartite tour-
nament D. Then u and v (1, 2)-compete in D if and only if u (resp. v) has an out-neighbor
different from v (resp. u).
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Proof. Let (V1, V2) be a bipartition of D. Without loss of generality, we may assume that
u ∈ V1 and v ∈ V2. The ‘only if’ part is obviously true. To show the ‘if’ part, suppose
that x is an out-neighbor of u different from v and y is an out-neighbor of v different from
u. Since D is a bipartite tournament, either (x, y) or (y, x) is an arc in D. If (x, y) (resp.
(y, x)) is an arc, then there exists a directed walk u → x → y (resp. v → y → x) and
therefore u and v (1, 2)-compete.
The following corollary is to be quoted frequently in the rest of this paper.
Corollary 5. Let D be a bipartite tournament. Suppose that (u, v) ∈ A(D) and d+(v) ≥ 1.
Then u and v are adjacent in the (1, 2)-step competition graph of D if and only if u has
at least two out-neighbors in D.
Proof. Since (u, v) is an arc in D, u and v belong to distinct partite sets of D. For the
same reason, u has an out-neighbor different from v if and only if u has at least two
out-neighbors in D. Moreover, by the hypothesis, v has an out-neighbor. Since (u, v) is
an arc in D, it is different from u. Therefore u (resp. v) has an out-neighbor different
from v (resp. u) if and only if u has at least two out-neighbors in D. Thus the corollary
follows from Theorem 4.
Corollary 6. Let G be the (1, 2)-step competition graph of an orientation D of Km,n with
a bipartition (V1, V2). Then each vertex has outdegree at least two in D if and only if the
edges of G not belonging to G[V1] ∪G[V2] induce Km,n.
Proof. To show the ‘only if’ part, take two vertices u and v in distinct partite sets of Km,n.
Then the outdegree of each of u and v is at least two, so u (resp. v) has an out-neighbor
different from v (resp. u). Thus, by Theorem 4, u and v (1, 2)-compete and therefore they
are adjacent in G. Since u and v are arbitrarily chosen, the edges of G not belonging to
G[V1] ∪ G[V2] induce Km,n. To show the ‘if’ part by contradiction, suppose that there
exists a vertex v of outdegree at most one. If v has no out-neighbor, then v is isolated
in G and we reach a contradiction. Thus v has exactly one out-neighbor, say u, and so,
by Theorem 4, u and v do not (1, 2)-compete in D. Hence u and v are not adjacent in G
and we reach a contradiction. This completes the proof.
Lemma 7. Let D be a bipartite tournament with a bipartition (V1, V2) and let uv be an
edge of C1,2(D) where u ∈ V1 and v ∈ V2. Then u has a neighbor in V1 or v has a neighbor
in V2 in C1,2(D).
Proof. Since u and v belong to distinct partite sets, u and v (1, 2)-compete by Corollary 3.
Therefore there exist vertices w in V1 and z in V2 such that exactly one of the following
is true:
(i) (u, z), (v, w), (w, z) are arcs in D;
(ii) (v, w), (u, z), (z, w) are arcs in D.
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If (i) is true, then w becomes a neighbor of u in C1,2(D) and if (ii) is true, then z becomes
a neighbor of v in C1,2(D). Hence the lemma holds.
Let G be the (1, 2)-step competition graph of a bipartite tournament with a bipartition
(V1, V2). For two edges x1x2 and y1y2 of G, if there exists a walk between one of x1, x2
and one of y1, y2, then we will say that x1x2 and y1y2 are connected. It is easy to see
that if edges x1x2 and y1y2 are connected, then any two vertices among x1, x2, y1, y2 are
connected. We say that the edge x1x2 links V1 and V2 if either x1 ∈ V1 and x2 ∈ V2 or
x1 ∈ V2 and x2 ∈ V1. Therefore, if the edge x1x2 does not link V1 and V2, then both x1
and x2 belong to exactly one of V1 and V2. In the case where the edge x1x2 does not link
V1 and V2, we say that the edge x1x2 belongs to V1 (resp. V2) in G if both of x1 and x2
belong to V1 (resp. V2).
Theorem 8. Let D be a bipartite tournament. Then C1,2(D) has at most one non-trivial
component or consists of exactly two complete components of size at least three.
Proof. Let (V1, V2) be a bipartition of D. Suppose that C1,2(D) has at least two non-
trivial components. Take two edges x1x2 and y1y2 from distinct non-trivial components.
We first consider the case where each of x1x2 and y1y2 does not link V1 and V2. Suppose
that x1x2 belongs to Vi and y1y2 belongs to Vj for distinct i and j. Without loss of
generality, we may assume that i = 1 and j = 2. Since x1x2 and y1y2 belong to distinct
components, x1 and y1 are not adjacent, which implies that they do not (1, 2)-compete by
definition. By Proposition 1 and Theorem 4, N+D (x1) = {y1} or N
+
D (y1) = {x1}. Without
loss of generality, we may assume N+D(x1) = {y1}. Since y1y2 does not link V1 and V2,
by Proposition 2, y1 and y2 have a common out-neighbor, say x, in V1. Since x1 6= x by
our assumption that N+D (x1) = {y1}, x is a (1, 2)-step common out-neighbor of x1 and y2
and so x1y2 is an edge in C1,2(D), which contradicts the assumption that x1x2 and y1y2
belong to distinct components.
Now we consider the case where x1x2 and y1y2 belong Vi for some i ∈ {1, 2}. Without
loss of generality, we may assume i = 1. Then, by Proposition 2, x1 and x2 have a
common out-neighbor z1 in V2, and y1 and y2 have a common out-neighbor z2 in V2. By
the choice of x1x2 and y1y2, z1 6= z2. Suppose that there exists a vertex z3 other than
z1, z2 in V2. If there is an arc from x1 or x2 to z3, and there is an arc from y1 or y2 to z3,
then the edges x1x2 and y1y2 are adjacent to the same edge and we reach a contradiction.
Therefore either (z3, x1), (z3, x2) are arcs in D or (z3, y1), (z3, y2) are arcs in D. Without
loss of generality, we may assume that (z3, x1), (z3, x2) are arcs in D. Then d
+
D(z3) ≥ 2.
Since d+D(x1) ≥ 1, d
+
D(x2) ≥ 1, by Corollary 5, x1z3 and x2z3 are edges in C1,2(D). Since
y1 has an out-neighbor z2 different from z3, and z3 has an out-neighbor x1 different from
y1, y1z3 is an edge in C1,2(D) by Theorem 4. Then we have a path x1z3y1 in C1,2(D) and
reach a contradiction. Therefore V2 has exactly two vertices. If one of (x1, z2), (x2, z2),
(y1, z1), (y2, z1) is an arc in D, then, since z1 and z2 are common out-neighbors of x1 and
x2, and y1 and y2, respectively, x1x2 and y1y2 are connected, which is a contradiction.
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Therefore (z2, x1), (z2, x2), (z1, y1), and (z1, y2) are arcs in D. Then, by Corollary 5, z2x1,
z2x2, z1y1, and z1y2 are edges in C1,2(D). If |V1| = 4, then C1,2(D) consists of exactly
two complete components since x1x2 and y1y2 belong to distinct components. Suppose
|V1| > 4. Take a vertex u in V1 other than x1, x2, y1, y2. If both (z1, u) and (z2, u) are
arcs in D, then z1z2 is an edge of C1,2(D) and so x1z2z1y1 is a path, which contradicts the
fact that x1x2 and y1y2 belong to distinct components. If both (u, z1) and (u, z2) are arcs
in D, then uz1 and uz2 are edges in C1,2(D) by Corollary 5 and so x1z2uz1y1 is a path,
which contradicts the fact that x1 and y1 belong to distinct components. Therefore either
(u, z1), (z2, u) are arcs in D or (z1, u), (u, z2) are arcs in D. Thus we have shown that
every vertex in V1 has indegree and outdegree both equal to 1 in D. This implies that a
vertex in V1 is an in-neighbor of z1 if and only if it is an out-neighbor of z2 in D. Then
N−D (z1) = N
+
D (z2) and N
−
D (z2) = N
+
D (z1). Since N
−
D(z1) and N
−
D(z2) are cliques, N
+
D(z1)
and N+D(z2) are cliques in C1,2(D). Since d
+
D(z1) ≥ 2 and d
+
D(z2) ≥ 2, by Corollary 5,
z1 is adjacent to every vertex in N
+
D(z1), and z2 is adjacent to every vertex in N
+
D(z2) in
C1,2(D). Therefore N
+
D (z1)∪{z1} and N
+
D(z2)∪{z2} are cliques. Note that V (C1,2(D)) is
partitioned into N+D (z1)∪ {z1} and N
+
D(z2)∪{z2}. Since x1x2 and y1y2 belong to distinct
components, N+D (z1) ∪ {z1} and N
+
D(z2) ∪ {z2} are the complete components in C1,2(D).
Now suppose that x1x2 or y1y2 links V1 and V2. Without loss of generality, we may
assume that x1x2 links V1 and V2, and x1 ∈ V1 and x2 ∈ V2. Then, by Lemma 7, x1 has
a neighbor in V1 or x2 has a neighbor in V2. Without loss of generality, we may assume
that x1 has a neighbor, say w1, in V1. If y1y2 does not link V1 and V2, then we may apply
the argument for the previous case to edges x1w1 and y1y2. Suppose that y1y2 links V1
and V2. Without loss of generality, we may assume that y1 ∈ V1 and y2 ∈ V2. Now, by
Lemma 7, y1 has a neighbor in V1 or y2 has a neighbor in V2. If y1 has a neighbor, say
w2 in V1, we may apply the argument for the previous case to edges x1w1 and y1w2. If y2
has a neighbor, say w3 in V2, we may apply the argument for the previous case to edges
x1w1 and y2w3.
Theorem 9. For a bipartite tournament D, the nontrivial component of C1,2(D) has
diameter at most three.
Proof. Let (V1, V2) be a bipartition of D. Suppose, to the contrary, that C1,2(D) has a
component of diameter at least four. Then there are two vertices u and v whose distance
is four. Let P be one of the shortest paths connecting u and v. By Proposition 1, each
vertex on P has outdegree at least one in D.
First we consider the case where all the vertices of P belong to Vi for some i ∈ {1, 2}.
Without loss of generality, we may assume i = 1. In this case, we let P = uxyzv. By
Proposition 2, there is a vertex w in V2 such that (y, w) and (z, w) are arcs in D. If
either (u, w) or (v, w) is an arc in D, then either uy or yv is an edge in C1,2(D), which
contradicts the fact that P is a shortest path. Therefore (w, u) and (w, v) are arcs in D
and so d+D(w) ≥ 2. Since d
+
D(u) ≥ 1 and d
+
D(v) ≥ 1, by Corollary 5, uw and vw are edges
in C1,2(D). Then we have a path uwv and reach a contradiction.
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Before we take care of the remaining cases, we observe the following:
(i) Each vertex on P has at most two of the remaining vertices as out-neighbors in D.
(ii) Each vertex on P has at most two of the remaining vertices as in-neighbors in D.
If there is a vertex w1 on P which has three of the remaining vertices as out-neighbors
w2, w3, w4 in D, then, by Corollary 5, w1w2, w1w3, w1w4 form a K1,3 in C1,2(D), which is
impossible. Thus (i) is true. If there is a vertex w1 on P which has three of the remaining
vertices as in-neighbors w2, w3, w4 in D, then, w2, w3, w4 form a triangle in C1,2(D),
which contradicts the assumption that P is a shortest path. Thus (ii) is true.
Now we consider the case where one specific vertex on P belongs to Vi and the remain-
ing four vertices on P belong to Vj for distinct i and j. Without loss of generality, we
may assume that i = 1. We denote the specific vertex by u1 and the remaining vertices
by v1, v2, v3, v4. Then u1 belongs to V1 and v1, v2, v3, v4 belong to V2. By (i) and (ii),
exactly two of v1, v2, v3, v4 are out-neighbors of u1 and the remaining two vertices are
in-neighbors of u1 in D. We may assume that v1, v2 are out-neighbors of u1 and v3, v4
are in-neighbors of u1. Then, by Corollary 5 again, u1v1 and u1v2 are edges in C1,2(D).
Furthermore, u1 is a common out-neighbor of v3 and v4 in D, so v3v4 is an edge in C1,2(D).
Since P is a shortest path of length four, one of v1, v2 should be adjacent to one of v3, v4.
Without loss of generality, we may assume that v2 is adjacent to v3. Then v2 and v3 have
a common out-neighbor in V1 by Proposition 2. Since there is an arc from u1 to v2, a
common out-neighbor of v2 and v3 cannot be u1. Thus d
+
D(v3) ≥ 2. Hence, by Corollary 5,
u1v3 is an edge in C1,2(D). Then u1, v2, v3 form a triangle, which is impossible.
We consider the case where two vertices on P belong to Vi and the remaining three
vertices on P belong to Vj for distinct i and j. Without loss of generality, we may assume
i = 1. We denote by u1, u2 the vertices belonging to V1 and by v1, v2, v3 the vertices
belonging to V2. By (i) and (ii), one or two of v1, v2, v3 are out-neighbors of ui for each
i = 1, 2. Suppose that exactly two of v1, v2, v3 are out-neighbors of u1. We may assume
that v1, v2 are out-neighbors of u1. By Corollary 5, u1v1 and u1v2 are edges in C1,2(D).
If v1 or v2 is an out-neighbor of u2, u1 is adjacent to u2, however, u1 is already adjacent
to v1 and v2, which contradicts the assumption that P is a shortest path. Therefore both
v1 and v2 are in-neighbors of u2. Then v1 and v2 are adjacent to form a triangle with
u1v1 and u1v2, which is also impossible. Therefore exactly one of v1, v2, v3 is an out-
neighbor of u1. By symmetry, exactly one of v1, v2, v3 is an out-neighbor of u2. Suppose
that u1 and u2 have one of v1, v2, v3 as a common out-neighbor. Then u1 and u2 are
out-neighbors of the remaining two vertices. Since u1 and u2 have outdegree at least one,
u1, u2 and one of the remaining two vertices form a triangle by Corollary 5 and we reach
a contradiction. Therefore u1 and u2 have distinct out-neighbors. We may assume v1
and v2 are the out-neighbors of u1 and u2, respectively. Then, by Corollary 5, u1v3 and
u2v3 are edges in C1,2(D). Since u1 and u2 are common out-neighbors of v2, v3 and v1, v3,
respectively, v2v3 and v1v3 are edges in C1,2(D). Now v3 is adjacent to u1, u2, v1, and v2,
which is impossible. Hence we have completed the proof.
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3 (1, 2)-step realizable graphs
We say that a graph G is (1, 2)-step competition-realizable through a complete bipartite
graph if it is the (1, 2)-step competition graph of a bipartite tournaments (in this paper,
we only consider orientations of complete bipartite graphs and therefore we omit “through
complete bipartite graphs”).
Theorem 8 tells us that if a graph with more than one nontrivial component is (1, 2)-
step competition-realizable, then it must be a disjoint union of two nontrivial complete
graphs. Based upon this fact, it seems to be natural to ask which disjoint union of
complete graphs are (1, 2)-step competition-realizable. The following proposition answers
the question.
Proposition 10. Let G be a disjoint union of Km and Kn with m ≥ n. Then G is
(1, 2)-step competition realizable if and only if n 6= 2.
Proof. The ‘only if’ part immediately follows from Theorem 8.
Now we show the ‘if’ part. If n = 1, then the digraph with vertex set {u1, u2, . . . , um, u}
and arc set {(ui, u) | i = 1, . . . , m)} is an orientation of Km,1, and its (1, 2)-competition
graph is isomorphic to G. Suppose n ≥ 3. Let D be the digraph with vertex set
{v1, v2, . . . , vm−1, w1, w2, . . . , wn−1} ∪ {v, w} and arc set
{(vi, w) | i = 1, . . . , m− 1} ∪ {(w,wi) | i = 1, . . . , n− 1}
∪ {(wi, v) | i = 1, . . . , n− 1} ∪ {(v, vi) | i = 1, . . . , m− 1}.
Then D is an orientation of Km+n−2,2 with bipartition
({v1, . . . , vm−1, w1, . . . , wn−1}, {v, w})
and it is easy to check that the (1, 2)-step competition graph of D is isomorphic to G.
Therefore G is (1, 2)-step competition-realizable if n 6= 2.
Let G1 and G2 be graphs with m vertices and n vertices, respectively. The pair
(G1, G2) is said to be competition-realizable (through Km,n) if the disjoint union of G1 and
G2 is the competition graph of an orientation of the complete bipartite graph Km,n with
bipartition (V (G1), V (G2)).
An edge clique cover of a graph G is a family F of cliques of G such that, for any two
adjacent vertices of G, there exists a clique in F that contains both of them.
Kim et al. [9] gave the following result which characterizes certain competition-realizable
pairs in terms of an edge clique cover.
Theorem 11 ([9]). Let G be a graph having no isolated vertices, and let m be a positive
integer. Then, (G,Km) is a competition-realizable pair if and only if there exists an edge
clique cover F of G of size at most m such that
|S ∪ S ′| ≤ |V (G)| − 1
holds for any two cliques S and S ′ in F .
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Now we completely characterize competition-realizable pairs (Km, Kn), which extends
the following results given by Kim et al. [9]. Then we eventually characterize the complete
graphs which are (1, 2)-step competition-realizable.
Proposition 12 ([9]). Let m and n be integers such that m ≥ n ≥ 6. Then the pair
(Km, Kn) is competition-realizable.
Proposition 13 ([9]). Let n be a positive integer. Then the pair (Kn, Kn) is competition-
realizable if and only if n = 1 or n ≥ 6.
Theorem 14. The following are true:
(i) For positive integers m and n with m ≥ n, the pair (Km, Kn) is competition-
realizable if and only if one of the following holds: n = 1; m ≥ n ≥ 6; m ≥ 10
and n = 5.
(ii) For positive integer l, the complete graph Kl is (1, 2)-step competition-realizable if
and only if l ≥ 12.
Proof. To show the ‘if’ part of (i), it is sufficient to take care of the cases n = 1; m ≥ 10
and n = 5 by Proposition 12. If n = 1, then we orient each edge in the complete bipartite
graph Km,1 so that each arc in the orientation goes from a vertex in the partite set with
m vertices to the vertex in the partite set with one vertex, and it is easy to check that
the competition graph of the resulting orientation is (Km, K1). Now we will construct
a digraph D with vertex set V (D) = X ∪ Y where |X| = m ≥ 10 and |Y | = 5 in the
following way. For each pair α of vertices in Y , we take a vertex xα in X so that xα is a
common out-neighbor of the vertices in α and xα 6= xβ for distinct pairs α, β. Then we
add additional arcs the direction of each of which is from X to Y so that the underlying
graph of D is a complete bipartite graph with bipartition (X, Y ). Then each vertex in
X has outdegree at least three. Since |Y | = 5, each pair of vertices in X has a common
out-neighbor in Y by the Pigeonhole Principle. Therefore we have shown that X and
Y form cliques in C(D). By Proposition 2, there is no edge joining a vertex in X and
a vertex in Y . Hence the competition graph of D is the union of Km and Kn and so
(Km, Kn) is competition-realizable for m ≥ 10 and n = 5.
To show the ‘only if’ part of (i), suppose that (Km, Kn) is competition-realizable for
some 2 ≤ n ≤ 5. Then there exists a digraph D whose competition graph is the union
of Km and Kn. Let V1 = V (Km) and V2 = V (Kn). By Theorem 11, there exists an edge
clique cover F of G := Kn with the vertex set V2 such that |F| ≤ m and
|S ∪ S ′| ≤ n− 1 (1)
holds for any two cliques S and S ′ in F . Then each clique in F has size at most n − 1
by (1). Suppose F has a clique S1 of size n− 1. Then there is a vertex v in V2 not in S1.
Since v is adjacent to every vertex in S1 in G, there is a clique S2 in F containing v and
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at least one vertex in S1. Then |S1 ∪ S2| = n contradicting (1). Therefore every clique in
F has size at most n−2. Now we suppose that F has a clique S3 of size n−2. Then there
are two vertices in V2 not in S3. Since they are adjacent in G, they must be contained in
a clique S4 in F . Then |S3 ∪ S4| = n contradicting (1). Therefore every clique in F has
size at most n− 3. Since n ≥ 2, there exists a clique in F of size at least two. Therefore
n− 3 ≥ 2. Thus, by our assumption that V2 has at most five vertices, n = 5. Hence each
clique in F has size at most two. However, there are ten edges in Kn to be covered by
the cliques in F , so m ≥ 10.
To show the ‘only if’ part of (ii), suppose that the complete graph Kl is (1, 2)-step
competition-realizable for some positive integer l. Then, for some positive integers m and
n satisfying m+n = l, there exists an orientation D of Km,n such that C1,2(D) = Kl. By
Proposition 2, the competition graph of D is the union of Km and Kn. If m = 1 or n = 1,
then it is easy to check that C1,2(D) has an isolated vertex by Proposition 1. Therefore
m,n ≥ 2 and so m+ n ≥ 12 by (i).
To show the ‘if’ part of (ii), fix an integer l ≥ 12. Then there exist integers m and n
such that m + n = l and m ≥ n ≥ 6. By Proposition 2 and Proposition 12, there exists
an orientation D of Km,n with a bipartition (V1, V2) whose (1, 2)-step competition graph
G has the induced subgraphs G[V1] = Km and G[V2] = Kn. Thus we have to show that
every vertex in V1 is adjacent to every vertex in V2 in G. By Corollary 6, it suffices to
show that each vertex has outdegree at least two in D.
To the contrary, suppose that a vertex u in V1 has outdegree at most one in D. If
u has no out-neighbor in D, then u is an isolated vertex in G[V1], which contradicts
G[V1] = Km. Suppose that u has the only out-neighbor v in D. Since G[V1] = Km, v is
also an out-neighbor of each vertex of V1 in D. Thus v has no out-neighbor in D, and
so v is an isolated vertex in G[V2], which contradicts G[V2] = Kn. Thus every vertex in
V1 has outdegree at least two in D. Similarly, we can show that every vertex in V2 has
outdegree at least two in D. Therefore every vertex in V1 is adjacent to every vertex in
V2 in G.
Remark 15. If a nontrivial component K of the (1, 2)-step competition graph G of a
bipartite tournament has diameter one, that is, it is complete, then by Theorems 8 and 14,
one of the following holds:
(i) G is a complete graph with at least 12 vertices;
(ii) K is a complete graph with at least two vertices and G consists of K and at least
one isolated vertices;
(iii) G consists of two complete components of size at least three.
Now we consider the connected non-complete graphs which are (1, 2)-step competition-
realizable. Then they have diameter 2 or 3 by Theorem 9.
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Figure 1: An orientation of K3,2
Lemma 16. Let D be a bipartite tournament containing the digraph given in Figure 1 as
a subdigraph. If the (1, 2)-step competition graph of D is connected and not isomorphic
to K1,4, then it has edge-sharing triangles.
Proof. The (1, 2)-step competition graph of the digraph given in Figure 1 is a star graph
K1,4. Therefore G := C1,2(D) contains K1,4 as a subgraph. Let (V1, V2) be a bipartition
of the complete bipartite graph from which D is obtained. For the vertices of the digraph
given in Figure 1, let x, y, z be the vertices in V1 and w1, w2 be the vertices in V2. Since
G is not isomorphic to K1,4, there exists a vertex, say v, distinct from x, y, z, w1, w2.
Assume v ∈ V1. Consider the case where (w1, v), (w2, v) are arcs in D. Then w1w2 is
an edge in G. Since G is connected, d+D(v) ≥ 1 by Proposition 1. Moreover, each of w1
and w2 has an out-neighbor among x, y, z other than v. Therefore vw1, vw2 are edges in
G by Corollary 5. Thus w1w2yw1 and w1w2vw1 are triangles which share an edge and we
are done. Now we consider the case where (v, w1) or (v, w2) is an arc in D. Without loss
of generality, we may assume (v, w1) is an arc in D. Then {v, x, y} forms a triangle in G.
Since v (resp. w2) has an out-neighbor w1 (resp. x) which is different from w2 (resp. v),
vw2 is an edge in G by Theorem 4, which results in the triangle yvw2y. Then triangles
vxyv and yvw2y share an edge, which is desired.
Assume v ∈ V2. Consider the case where (v, x) and (v, z) are arcs in D. Then vx and
vz are edges in G by Corollary 5. Since v (resp. y) has an out-neighbor x (resp. w1) which
is different from y (resp. v), vy is an edge in G by Theorem 4. Thus vxyv and vyzv are
triangles in G which share an edge as desired. Now we consider the case where (x, v) or
(z, v) is an arc in D. Without loss of generality, we may assume (x, v) is an arc in D.
Then xv and xw1 are edges in G by Corollary 5. Suppose that (v, z) is an arc in D. Since
v (resp. y) has an out-neighbor z (resp. w1) which is different from y (resp. v), vy is an
edge in G by Theorem 4. Then vxyv and w1xyw1 are triangles in G which share an edge.
Suppose that (z, v) is an arc in D. Then v is a common out-neighbor of x and z in D, so
xz is an edge in G. In addition, zw2 is an edge of G by Corollary 5. Therefore xyzx and
yzw2y are triangles in G which share an edge and this completes the proof.
Theorem 17. Suppose that a connected non-complete graph G does not have edge-sharing
triangles. Then G is (1, 2)-step competition-realizable if and only if it is isomorphic to the
star graph K1,4.
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Proof. Let D∗ be a digraph given in Figure 1. Then D∗ is an orientation of K3,2 and
it is easy to check that the (1, 2)-step competition graph of D∗ is isomorphic to K1,4.
Therefore the ‘if’ part is true.
To show the ‘only if’ part, suppose that G is the (1, 2)-step competition graph of a
bipartite tournament D with a bipartition (V1, V2). Since G is non-complete, G has an
induced path of length 2. We consider the following two cases:
(i) there exists an induced path P of length two in G such that exactly one of the edges
on P joins V1 and V2.
(ii) there is no induced path of length two in G such that exactly one of its edges joins
V1 and V2.
We first consider the case (i). Let P = xyz. Without loss of generality, we may assume x
and y are in V1 and z is in V2. Then x and y have a common out-neighbor w in V2. We
first consider the case w = z. By Proposition 1, z has an out-neighbor, say v, in V1 in D.
Since y and z belong to distinct partite sets and are adjacent, y has an out-neighbor u
other than w by Corollary 5. Since x and z belong to Vi and Vj, respectively, for distinct
i and j, and are not adjacent, u must be an in-neighbor of x by the same corollary. If
(u, v) is an arc in D, then xyux and yzuy are triangles which share an edge, which is
impossible. Therefore (v, u) is an arc in D and we obtain a subdigraph of D isomorphic
to the one given in Figure 1. Now we consider the case w 6= z. Then, by Corollary 5,
z cannot be an out-neighbor of x, for otherwise x and z are adjacent, which contradicts
the hypothesis that xyz is an induced path in G. Therefore (z, x) is an arc in D. On
the other hand, w has an out-neighbor, say v′, by Proposition 1. Since x and z are not
adjacent in G, (y, z) and (v′, z) are arcs in D by Corollary 5, and we obtain a subdigraph
of D isomorphic to the one given in Figure 1. By the hypothesis, G is a non-complete
connected graph without edge-sharing triangles. Therefore, by Lemma 16, G is K1,4 in
both cases.
Now we consider the case (ii). Since G is connected, it has an edge linking V1 and
V2. Let x1y1 with x1 ∈ V1, y1 ∈ V2 be such an edge. Then x1 and y1 (1, 2)-compete by
Corollary 3. Without loss of generality, we may assume that x1 and y1 have a (1, 2)-step
common out-neighbor in V2. Then there exist x2 ∈ V1 and y2 ∈ V2 such that (x1, y2),
(y1, x2), and (x2, y2) are arcs in D, which yields the edge x1x2 in G. Then y1x1x2 is a path
of length two in G. By the case assumption, y1x2 is an edge in G. Therefore x1x2y1x1
is a triangle in G. If x1 is adjacent to a vertex z other than x2, y1 in G, then z must
be adjacent to at least one of x2, y1 in G by the case assumption, which results in two
triangles sharing an edge. Therefore x2 and y1 are the only neighbors of x1 in G. For the
same reason, x1 and y1 are the only neighbors of x2 in G.
Suppose that there exists a vertex y in V2 such that y and y1 are adjacent in G.
Then x1y is an edge in G by the case assumption. Therefore x1y1yx1 is a triangle which
shares an edge with the triangle x1x2y1x1 in G, a contradiction. Thus no vertex in V2
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is adjacent to y1. Hence y1 and y2 are not adjacent in G and so dG(y1, y2) ≥ 2. Take
one of the shortest paths from x1 to y2 in G and denote it by Q. Since x2 and y1 are
the only neighbors of x1 in G, x2 or y1 immediately follows x1 on Q. However, y1 and
x1 are the only neighbors of x2, so y1 must immediately follow x1 since Q is the shortest.
By the choice of Q, the (y1, y2)-section of Q is a shortest path from y1 to y2. Therefore
dG(x1, y2) = dG(y1, y2) + 1. By Theorem 9, dG(x1, y2) ≤ 3 and so dG(y1, y2) ≤ 2. Thus
dG(y1, y2) = 2. Hence there exists a vertex x3 which is adjacent to y1 and y2. As we have
shown that no vertex in V2 is adjacent to y1, x3 is in V1. Thus the edge x3y1 joins V1 and
V2. By Lemma 7, x3 has a neighbor in G, say x4, in V1. Then x4y1 and x4y2 are edges in
G by the case assumption. Therefore x3x4y1x3 and x3x4y2x3 are triangles which share an
edge in G and we reach a contradiction.
The following corollaries immediately follow from Theorem 17.
Corollary 18. A tree is (1, 2)-step competition-realizable if and only if it is isomorphic
to the star graph K1,4.
Corollary 19. If a connected graph is (1, 2)-step competition-realizable, then it has a
vertex of degree at least three.
Proof. If a connected (1, 2)-step competition-realizable graph is triangle-free, then it is
isomorphic to K1,4 by Theorem 17 and so the corollary is true.
Suppose that a connected (1, 2)-step competition-realizable graph G has a triangle.
If G has less than four vertices, then it can easily be checked that G has at most one
edge and so it cannot have a triangle. Therefore G has at least four vertices. Since G is
connected and has a triangle, it should have a vertex of degree at least three.
Corollary 20. No connected unicyclic graph is (1, 2)-step competition-realizable.
Corollary 21. If a connected graph with diameter three is (1, 2)-step competition-realizable,
then it has a triangle and edge-sharing cycles.
Remark: Figure 2.
4 Extremal Cases
In the following, we compute the maximum number of edges and the minimum number
of edges which the (1,2)-step competition graph of an orientation of Km,n might have.
Since a simple graph with m + n vertices has at most
(
m+n
2
)
edges, any (1,2)-step
competition graph G of an orientation of Km,n satisfies
|E(G)| ≤
(
m+ n
2
)
.
It immediately follows from Theorem 14(ii) that there is an orientation of Km,n for
which its (1,2)-step competition graph has exactly
(
m+n
2
)
edges whenever m ≥ n ≥ 6.
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x1 x2 x3 x4
y1 y2 y3
x1 x2 x3 x4
y1 y2 y3
Figure 2: A bipartite tournament and its (1, 2)-step competition graph which has diameter
three
Corollary 22. For each integers m and n with m ≥ n ≥ 6, there exists an orientation
D of Km,n such that
|E(C1,2(D))| =
(
m+ n
2
)
.
Now we consider the minimum case.
Theorem 23. Let G be the (1, 2)-step competition graph of an orientation of Km,n with
edges as few as possible for positive integer m,n with m ≥ n. Then
|E(G)| =
{
0 if m = n = 2;(
n
2
)
otherwise.
Proof. It is easy to see that the directed cycle on four vertices is an orientation of K2,2 and
its (1, 2)-step competition graph has no edge. Thus the equality holds when m = n = 2.
Let D∗ be a digraph with vertex set {u, v1, v2, . . . , vm} and arc set {(u, vi) | i =
1, 2, . . . , m}. Then it can easily be check that D∗ is an orientation of K1,m and the (1,2)-
step competition graph of D∗ has no edge. Therefore |E(G)| = 0 =
(
1
2
)
. Thus the equality
holds when n = 1.
Suppose that n ≥ 2 and m ≥ 3. Let D∗∗ be the orientation of Km,n defined by
V (D∗∗) = {u1, u2, . . . , um, v1, v2, . . . , vn}
A(D∗∗) = {(vi, uj) | i ∈ {1, . . . , n}, j ∈ {1, . . . , m}}
Then it is easy to check that the (1, 2)-step competition graph of D∗∗ is the disjoint
union of Kn and the set of m isolated vertices. Therefore |E(C1,2(D
∗∗))| =
(
n
2
)
and so
|E(G)| ≤
(
n
2
)
. It remains to show |E(G)| ≥
(
n
2
)
. Let D be an orientation of Km,n with
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bipartition (V1, V2), |V1| = m, |V2| = n, whose (1,2)-step competition graph is G. First,
suppose that there exists a vertex v ∈ V (D) with d+D(v) = 0. Then d
−
D(v) = m or
d−D(v) = n and the in-neighborhood of v forms a clique of size m or n in G. Since m ≥ n
by the hypothesis, G has at least
(
n
2
)
edges and so |E(G)| ≥
(
n
2
)
. Now suppose that every
vertex of D has nonzero outdegree. We show that there are at most m + 2 vertices of
outdegree 1 by contradiction. Suppose that D has at least m + 3 vertices of outdegree
1. Then there are two vertices u1, u2 of outdegree 1 in V1. Then both u1 and u2 have
indegree n − 1. Since |V2| = n, there are at least n − 2 common in-neighbors of u1 and
u2, which implies that there are at least n− 2 vertices of outdegree at least 2. Therefore
there are at most |V (D)| − (n − 2) = m + 2 vertices of outdegree 1 in D and we reach
a contradiction. Thus we can conclude that D has at most m + 2 vertices of outdegree
1. Since each vertex of D has outdegree at least 1, it follows from Corollary 5 that, for
any arc (u, v) in D, uv /∈ E(G) if and only if d+D(u) = 1. Therefore there are at least
mn − (m+ 2) edges in G. By the way, if n = 2, then mn − (m+ 2) = m− 2 ≥ 1 =
(
2
2
)
.
If n ≥ 3, then
mn− (m+ 2) = m(n− 1)− 2 ≥ n(n− 1)− 2 ≥
(
n
2
)
.
Thus G has at least
(
n
2
)
edges. As we have shown |E(G)| ≤
(
n
2
)
, it holds that |E(G)| =(
n
2
)
.
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